We study mass accretion rate through a disc resulting from varying mass supply rate at its outer edge. Varying supply rate occurs, e.g., during state transitions, and in interacting eccentric binaries. It is, however, damped by the viscosity of the disc. Here, we calculate this damping in detail. In general, the damping is very strong when the viscous time at the outer edge of the disc is longer than the binary period. We apply our results to a number of astrophysical systems. In general, the effect of viscous damping is much stronger in low-mass X-ray binaries than in high-mass ones.
INTRODUCTION
If a binary in which mass is transferred from one component to the other is eccentric, the mass transfer rate will be periodic at the binary period (Avni, Fabian, & Pringle 1976; Avni & Goldman 1980; Haynes, Lerche, & Wright 1980; Hut & Paczyński 1984; Brown & Boyle 1984; Boyle & Walker 1986; Stevens 1988; Layton et al. 1998; Regös, Bailey & Mardling 2005) . The largest class of such binaries is Be/X-ray binaries, see, e.g., Coe (2000) ; Ziółkowski (2002) ; Negueruela (2004) for reviews. All known systems of this type consist of a (strongly magnetized) neutron star orbiting, usually in an eccentric orbit, a high-mass (unevolved) Be star. The accretion occurs via stellar wind and interaction with a circumstellar decretion disc around the massive star, and is maximized around the periastron (Waters et al. 1989) . Indeed, most of those systems show X-ray periodicity at their orbital periods, socalled type-I X-ray outbursts (Stella, White, & Rosner 1986) , seen, e.g., in A0538-66, EXO 2030+375, A0535+26, AX J0049.4-7323, 4U 0115+63 (see, e.g., references in Ziółkowski 2002) . The accretion onto the neutron star in those systems is thought to occur via a (non-stationary) accretion disc (Corbet 1986; Waters et al. 1989; Hayasaki & Okazaki 2004) . Arguments for the existence of an accretion disc include a lag between the onset of optical activity and an X-ray outburst, abrupt rises and linear decays of outburst (implying the storage of material in a reservoir), and spin-up of the neutron star during outburst (Corbet 1986) . The last phenomenon is seen during X-ray pulsations at the neutron star spin frequency.
Another class of binaries relevant to this work consists of Xray pulsars with supergiant donors. Here, accretion is via stellar winds and, in some cases, via a Roche lobe overflow. Some of those ⋆ E-mail: kawabata@kusastro.kyoto-u.ac.jp (RK), aaz@camk.edu.pl (AAZ), shm@kusastro.kyoto-u.ac.jp (SM) systems have eccentric orbits, which then cause periodically varying accretion, e.g., GX 301-2 (Kelley, Rappaport, & Petre 1980; Mukherjee & Paul 2004; Leahy & Kostka 2008) . This system has the orbital period of P orb ≃ 41.5 d and the eccentricity of e ≃ 0.5 (Kaper, van der Meer & Najarro 2006) . The presence of an accretion disc in this system is discussed by Pravdo & Ghosh (2001) , and details of the mass transfer from the companion, including the presence of an accretion stream, are studied by Leahy & Kostka (2008) .
Another eccentric X-ray binary is the peculiar system Cir X-1, which contains either a low or high-mass donor (Jonker, Nelemans, & Bassa 2007) , of P orb ≃ 16.5 d and e ≃ 0.5 (Parkinson et al. 2003; Wen et al. 2006; Jonker et al. 2007 ). The system shows strong periodicity at the orbital period in X-rays (Parkinson et al. 2003; Clarkson, Charles, & Onyett 2004; Wen et al. 2006 ) and in radio (Whelan et al. 1977) . Accretion in that system may occur via a Roche-lobe overflow near the periastron (Clarkson et al. 2004) .
Then there is the case of the ultracompact low-mass X-ray binary 4U 1820-303, where P orb ≃ 685 s is detected in X-rays (Stella, Priedhorsky & White 1987; Zdziarski et al. 2007b) . In addition to the binary period, it shows a strong periodicity at 170 d (Wen et al. 2006) , and there is compelling evidence that it is due to the corresponding long-term modulation of the accretion rate (Chou & Grindlay 2001; Zdziarski, Wen & Gierliński 2007a ). The main model of the long-term modulation is an interaction with a third star (Chou & Grindlay 2001; Zdziarski et al. 2007a ), which causes a periodic modulation of the eccentricity of the inner binary (Kozai 1962) . Though e ≪ 1 in this model, the mass supply rate to the outer disc is then strongly modulated at both the orbital and superorbital periods. An important issue is whether this orbital modulation of the mass supply rate can be seen in X-rays (Gilfanov & Arefiev 2005; Zdziarski et al. 2007b ).
Enhancement of the mass-transfer rate around the periastron in low-mass X-ray binaries with e ≪ 1 has also been proposed by Maccarone (2005) to be responsible for flares discovered from some of X-ray sources in NGC 7469 by Sivakoff, Sarazin, & Jordán (2005) . Again, an issue to examine is whether periodic enhancements in the mass transfer rate in those sources can actually lead to X-ray flares.
The question to which degree a modulation of the mass supply rate at the disc outer edge can be seen in the mass accretion rate in an inner part of the disc is, in general, an important issue for binaries. Here, we study this problem by calculating the effect of the disc viscosity on the propagation of a periodic disturbance from the disc outer edge to the inner one. A related issue is in which way a sudden increase or decrease of the mass transfer rate in the outer disc would manifest itself in the accretion rate in the inner disc.
THE MODEL
We calculate propagation of variability of the mass flow rate through an accretion discs by solving time-dependent disc structure. We assume that the disc is geometrically thin, axisymmetric and Keplerian. The equations of continuity and angular momentum transport by viscosity are (Kato, Fukue & Mineshige 1998) ,
where r, Σ andṀ are the disc radial coordinate, the surface density, and the mass accretion rate, respectively. Instead of solving the energy equation, we assume that the kinematic viscosity, ν, is a power-law function of only r,
where r out is the disc outer radius. Note that in the α-viscosity prescription, ν = αc 2 s /Ω K , where c s is the sound speed and Ω K is the Keplerian angular velocity. Then n = 1/2 for a disc without cooling and n = 3/2 for an isothermal disc. For the standard thin disc supported by gas pressure, n = 3/5, which value we use hereafter. We assume the disc density is zero at the inner edge of disc, which we assume to be at r in = 3r S , where r S is the Schwarzschild radius.
As initial illustrations of the damping effect of viscosity, we consider a single rectangular pulse and a step-function increase of the mass supply rate at the disc outer boundary. Then, we assume a periodic mass supply rate, see Section 1. In the case of a large eccentricity, accretion can take place only around periastron, as it is the case, e.g., in Be X-ray binaries. We thus approximate the disc supply rate as a periodic rectangular function,
where ∆P is the duration of the periastron accretion, and k is an arbitrary integer. On the other hand, in the case of a Roche-lobe overflowṀ(r out ) > 0 during the entire orbit,
(e.g., Zdziarski et al. 2007a ). The amplitude of variability depends on the dimensionless constant, C, and we normalizeṀ 0 so that the average mass accretion rate is unity, as in equation (4) . Time evolution of the mass accretion rate, at r in = 3r S , for a single rectangular increase of the mass supply rate at r out fromṀ = 1 up to 2 at t = 0 and back to 1 at t = 0.1t visc (r out ). The results for r out /r S = 100, 10 3 , 10 4 and 10 5 are shown by the solid, long-dashed, short-dashed and dotted curve, respectively. The unit of time is t visc (r out ), and n = 3/5.
linear. Zdziarski et al. (2007a) obtained C ≃ 1.5 in the case of the ultracompact low-mass X-ray binary 4U 1820-303 at the maximum of its modelled eccentricity.
NUMERICAL RESULTS
We calculate the time evolution of the disc structure by solving equations (1-3). Initially, the accretion disc is steady with the mass supply rate,Ṁ = 1, equal to the accretion rate, and we start to change the mass supply rate at t = 0. Fig. 1 shows the evolution of the mass accretion rate (at r in ) in the case of a single rectangular pulse withṀ = 2 lasting from t = 0 to 0.1t visc (r out ), where t visc (r) ≡ r 2 /3ν(r) is the viscous time of the disc, for several values of r out /r S . The peak value of the accretion rate is reached at t ≃ t visc (r out )/3, and it is ≪ 2 because of the effect of viscous diffusion. The accretion rate finally falls to the initial value after several t visc (r out ). This rate reaches an asymptotic temporal profile independent of r out /r S at its very large values, which is due to most of the viscous damping taking place in outer parts of the disc.
Then, we consider the mass supply rate increasing fromṀ = 1 to 2 at t = 0. Fig. 2 shows the resulting evolution of the mass accretion rate. The inner mass accretion rate increases at the time scale of ∼ t visc (r out ). The steady state is reached after several t visc (r out ), regardless of the disc size. The accretion rate reaches an asymptotic temporal profile independent of r out /r S at its very large values, for the same reason as above. Now, we consider periodicṀ(r out ). After turning on the modulation, the disc settles down into a steady-state periodic behavior after several t visc (r out ). We evaluate the fractional amplitude of the flow rate, A(r) ≡ (Ṁ max −Ṁ min )/ Ṁ , whereṀ max ,Ṁ min and Ṁ is the maximum, the minimum, and the average, respectively, steadystate mass flow rate at a given r. Fig. 3 shows the amplitude of the fractional variability as a function of the radius for the case of a rectangular modulation ofṀ(r out ), equation (4) Longer values of t visc (r out ) yield stronger damping of the variability at the inner disc. In order to illustrate the effect of the viscous time scale on damping of the variability, we plot in Fig. 4 the variability amplitude at the inner edge as a function of t visc (r out )/P orb for both the periodic rectangular and Roche-lobe overflow cases. When t visc (r out ) > ∼ 10 P orb , the amplitude is strongly damped and A(r in ) < 0.01 even if P orb /∆P or C is very large. The damping is similar in both cases. Thus, our result that the amplitude is strongly damped for a large t visc (r out )/P orb does not depend on the functional form of the mass supply rate. We then consider the dependence of the damping on the parameters n and r out , for the case of the periodic rectangular function and for r out = 1.4 × 10 3 r S , 1.4 × 10 4 r S , n = 3/5, 1. The results are shown in Fig. 5 . We see that A(r in ) only very weakly depends on the size of disc for a given t visc (r out ). This is because most of the damping takes place in an outer part of the disc (and our kinematic viscosity has a power-law radial dependence). On the other hand, A(r in ) decreases with increasing n. This is caused by the viscous time within the disc, t visc (r) ∝ (r/r out ) 2−n , being longer for a larger n at a given t visc (r out ). The thin curves show the numerical results in the case of the periodic rectangular function for ∆P/P orb = 0.01 (solid curve) and in the Roche-lobe overflow case for C = 10 (dashed curve) and C = 1 (dot-dashed curve), respectively. The index of the radial viscosity profile is n = 1.
A SIMPLE ANALYTICAL MODEL
The propagation of variability can be calculated by a simple analytical model with boundary conditions that are slightly different from those in our numerical calculations. This model is very helpful for understanding of the damping of variability. We assume that the disc is extending from infinity to the inner edge at r = 0, where the density vanishes. For an initial condition at t = 0, there is a deltafunction pulse, Σ = Σ 0 δ(x−1), where x ≡ √ r/r 0 and r 0 corresponds to r out in our numerical calculations. The solution of equations (1-3) can be then obtained analytically (Lynden-Bell & Pringle 1974; Kato et al. 1998) for n = 1,
where τ ≡ t/4t visc (r 0 ). Note that when a pulse propagates into the inner disc, r ≪ r 0 , it has a finite duration, ∼ t visc , and a finite amplitude. When these pulses are supplied at r 0 periodically, the disc structure is described by summation of the solution for each pulse since equations (1-2) are linear in Σ,Ṁ. The mass accretion rate for periodic pulses at 0 ≤ t < P orb is then given by,
from which we can evaluate the amplitude of variation of the mass accretion rate. The thick solid curve in Fig. 6 shows the amplitude of the periodic variability evaluated at the inner disc using equation (8). When t visc (r 0 ) > P orb , a single pulse has a longer duration than the period. Hence the next pulse comes before the former pulse disappears, and, as the result of summation of the pulses, the amplitude of the variability become small.
We see that the analytical model yields similar values of the damping as our numerical calculations, especially for C ∼ 1. Although large values of C or P orb /∆P seem appropriate for the approximation of delta function at the outer boundary, the amplitude of our numerical result is larger than that of analytical one by factor of 2 or 3. This appears to be due to the difference in the outer boundary condition.
DISCUSSION
The viscous time is, in the α prescription, given by
where v K is the Keplerian velocity. The period of the variability of the mass supply rate equals the orbital period, which is given by the Kepler law, P orb = 2π a 3 /GM 1 (1 + q), where q = M 2 /M 1 , and M 1 , M 2 and a is the mass of the compact star, the donor mass, and the semi-major axis, respectively. Then (see also Gilfanov & Arefiev 2005) ,
In the standard thin accretion disc, the ratio c s /v K is very small, ∼ 0.02. In low-mass X-ray binaries, the size of the disc is comparable to the size of the Roche lobe around the compact object, R 1 (Papaloizou & Pringle 1977; Gilfanov & Arefiev 2005) , which, for e ≪ 1 and q < ∼ 1 characteristic to that class of system, is in turn comparable to a. Thus, r out /a ∼ 0.5, and then the viscous time is much longer than the orbital period, t visc (r out )/P orb > ∼ 10 2 /α. Then, our results imply that any periodic variability of the mass accretion rate at the inner disc is completely negligible in the standard model even if the mass supply to the outer disc is periodic. This implies, in particular, that the ∼ 1 per cent orbital modulation seen in X-rays in 4U 1820-303 is not due to periodicity of the mass supply predicted by the triple model of that system (Zdziarski et al. 2007a) , provided the accretion disc is standard. This confirms the supposition of Zdziarski et al. (2007b) .
We also note that our results rule out the eccentric low-mass X-ray binary model of Maccarone (2005) for the X-ray flares in NGC 7469 found by Sivakoff et al. (2005) . Maccarone (2005) claims that since the flares are superEddington, the accretion discs are radiation-pressure dominated and then c s ∼ v K and t visc < P orb . However, superEddington discs are radiation-pressure dominated only in inner regions whereas the outer parts are still gas-pressure dominated and geometrically thin (unless the accretion rate is extremely high). Specifically, for parameters suggested by Maccarone (2005) , M 1 = 1.4M ⊙ , M 2 = 1M ⊙ , P orb = 15 hr, α = 0.3, the disc size of 0.9 of the Roche lobe size,Ṁc 2 /L E = 100 (where L E is the Eddington luminosity), we have obtained t visc ∼ 50P orb using standard disc equations. Obviously, there will be then no observable enhancement of the X-ray flux around the periastron.
We also note that Sivakoff et al. (2009) have found no periodicities in X-ray flares in NGC 7469, which provides an independent evidence against the eccentric binary model. The flares may instead have similar nature to the aperiodic flares discovered from the black hole binary Cyg X-1 with a range of time scales (Gies et al. 2003; Gierliński & Zdziarski 2003) .
Gilfanov & Arefiev (2005) found breaks in the power spectra in a number of low-mass X-ray binaries at frequencies proportional to the orbital frequencies. They interpreted those frequencies as equal to t −1 visc , which then implied that t visc were much shorter than that predicted by the standard model, which effect they explained by the presence of hot coronal flows covering outer parts of the disc. In particular, they claimed t visc ∼ 300 s ∼ P orb /2 in 4U 1820-303. After such a short time interval, most of the large, > ∼ 10, masssupply modulation at the outer disc due to eccentricity predicted by the triple model (Zdziarski et al. 2007a) would still be present close to the neutron star surface, as we have demonstrated above. However, such modulation is clearly not seen. Thus, t visc ∼ 300 s claimed by Gilfanov & Arefiev (2005) for 4U 1820-303 is ruled out in the framework of this model. On the other hand, it may be that the cold disc is covered by a fast coronal flow having a short viscous time and carying ∼1 per cent of the mass flow, which could then account for the observed X-ray periodicity.
Then, high-mass X-ray binaries have usually q ≫ 1, for which the size of the Roche lobe of the compact object in the circular case is (Paczyński 1971) ,
If r out were ∼ R 1 (as expected for Roche lobe overflow), the time scale ratio of equation (10) would become ∝ q 0 , and the conclusion of t visc (r out )/P orb ≫ 1 would still hold. Taking into account eccentricity can be done in a simplified way by a substitution of a → a(1 − e) (i.e., using the periastron separation as constraining the disc size), which reduces the time scale ratio by (1−e) 3/2 , which is significant only for e ∼ 1.
However, discs in wind-accreting systems are truncated at radii much smaller than the Roche lobe radii of the compact object, e.g., Shapiro & Lightman (1976) . The outer edge of the disc is then determined by the specific angular momentum in a Keplerian orbit around the compact object, (GM 1 r out ) 1/2 , being equal to the angular momentum carried by the accreting gas, (1/2)v orb r 2 a /a, where r a ≃ 2GM 1 /v 2 rel is the accretion radius, v orb is the relative velocity of the stars, v rel is the relative velocity of the compact object and the wind, v
, and v wind is the wind velocity (Shapiro & Lightman 1976) . This yields,
where d is the orbital-phase dependent distance between the stars. In particular, for GX 301-2, Pravdo & Ghosh (2001) assume the neutron star accretes from a slow, dense, circumstellar wind, in which case b ≃ 1. Then at periastron, r out /a becomes 4[(1 − e)/(1 + q)(1 + e)] 3 , which for q ≃ 20, e ≃ 0.5 (Kaper et al. 2006 ) is ≃ 2 × 10 −5 . Equation (10) then yields t visc (r out )/P orb ≪ 1. Thus, any viscosity damping of the orbital periodicity is negligible in GX 301-2. Similar considerations apply to eccentric Be/X-ray binaries.
The case of Cir X-1 is less clear given the uncertainty about its system parameters. Clarkson et al. (2004) have modelled the orbital phase dependence of the mass transfer rate in Cir X-1 using the model of Brown & Boyle (1984) , and they estimated t visc ∼ 10 d, i.e., also less than its P orb . Thus, viscosity has probably a minor effect on the observed orbital periodicity in that object. Observationally, we do see strong periodicity at P orb , which also implies t visc < P orb .
We also note that our comparison of t visc with P orb rules out the mass supply in Cyg X-1 (with P orb = 5.6 d) being at the outer edge of a standard disc with the size comparable to its Roche lobe radius. If this were the case, the viscous time in this object would be > ∼ 10 2 P orb . Then, any change of the mass supply rate to the disc would result in a change of the mass accretion rate in the inner disc being on a time scale of ≫ P orb . This, however, is much longer than the observed time scale of state transitions in this system of a few P orb (e.g., fig. 5 in Zdziarski & Gierliński 2004) . Thus, the state transitions cannot be caused by a change ofṀ at the outer edge of a standard accretion disc. Indeed, though the donor almost fills its Roche lobe in Cyg X-1, the wind accretion is still dominant (Gies et al. 2003) , and the size of the disc is then likely to be much smaller than that of the Roche lobe of the black hole. Equation (12) with q ≃ 2.8 ± 0.4, b ∼ 2 (Gies et al. 2003 ) and e = 0 yields then a rather small disc, with r out /a ≃ 3 × 10 −4 , at which equation (10) yields t visc (r out )/P orb ≪ 1. (Note that the wind velocity around the compact object in Cyg X-1 is not well determined, which makes the determination of r out /a rather uncertain.) The actual disc size in Cyg X-1 may be intermediate between those of the pure Rochelobe overflow and wind accretion cases, with t visc (r out ) ∼ P orb , as appears to be implied by the observations. Still, a large accretion disc can be present if the actual viscous time is much shorter than the standard one, as in the model of Gilfanov & Arefiev (2005) .
In our applications, we have considered only binaries. However, our results on the viscous damping of variability hold for any accretion disc, also around supermassive black holes.
CONCLUSIONS
We have calculated in detail the effect of viscous damping of variability in accretion disc, for both a single variability event and a periodic mass supply to the disc. As expected, variability in inner parts of the disc is smoothed out on the viscous time scale corresponding to the outer disc edge. In particular, we have calculated the damping of a periodic mass supply to the outer edge as a function of t visc (r out )/P orb . We also present a simple analytic solution, which reproduces basic features of the numerical results.
We have applied our results to a number of binaries. Periodic variability resulting from eccentricity is usually very strongly damped in low-mass X-ray binaries, e.g., in 4U 1820-303 or in flaring binaries in NGC 7469. The periodic mass transfer in eccentric binaries is much easier to observe in high-mass X-ray binaries, where accretion is via a wind and the accretion discs are truncated at low radii, resulting in the viscous time being relatively short. In particular, the viscous damping is negligible in GX 301-2, Be/Xray binaries and Cir X-1. In the case of Cyg X-1, the observed time scale at which state transitions take place is comparable to its orbital period, which points to the accretion disc being also truncated at a radius much lower than the Roche-lobe size. This is likely to happen due to the presence of wind accretion in this system.
